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Solvability of mixed Monge-Amp\’ere equations and
Riemann-Hilbert factorizations
Monge-Amp\‘ere
(1) $M(u):=\det(ux_{i}x_{j})=f(x),$ $u_{x_{i}x_{j}}= \frac{\partial^{2}u}{\partial x_{i}\partial X_{j}}$ ,
$x=$ $(x_{1}, \ldots , x_{n})\in\Omega\subset \mathrm{R}^{n}$ (or in $\mathrm{C}^{n}$ ) \Omega
$u^{0}(x)$ \Omega
$f_{0}(x)=\det(u_{x_{i}x_{j}}0)$
$u^{\mathit{0}}(x)$ { (1) $f=f_{0}$ $z=u_{0}(X)$
(MA) $\det(v_{xx}ij+u_{x})0=f_{\mathit{0}}ix_{j}(_{X)}+_{\mathit{9}(}X)$ in $\Omega$ ,
$g$ \Omega
2 $u_{0}(x)=x_{1}^{4}+cx_{1}^{2}X_{2}^{2}+x_{2}^{4}$ $c$ localize
Monge-Amp\’ere $u=u0\text{ }$ degenerate
elliptic, degenerate hyperbolic mixed tyPe, i.e., elliptic-hyperbolic
$n=2$ $x_{1}=xx2=y$ Monge-Amp\’ere
(MA) $M(u)=u_{x}xu-yyxu^{2}y+C(x, y)u_{x}y$ ’
$c(x, y)$ $x$ y 4
$f_{\mathit{0}}=M(u)0$ (MA) $P:=M_{u_{\text{ }}^{};}\text{ }M(u)$ $u=u^{\mathit{0}}$
$(u_{0})_{xx}\partial_{y}2+(u\mathit{0})_{yy}\partial_{x}^{2}-2(u_{0})_{x}yxy\partial\partial$ .
discriminant -M(\eta ) (MA) (wealdy) hy-
perbolic $M(u_{0})\leq 0$ (MA) (de-
generate) elliptic $M(u_{0})\geq 0$
$\mathrm{E}_{\mathrm{X}\mathrm{a}\mathrm{m}_{\mathrm{P}}}1\mathrm{e}1$.
$u^{0}=x^{2}y^{2}$ , $c(x, y)=kxy$ $k\in R$
$f_{\mathit{0}}=M(u)\mathit{0}=4(k-3)Xy^{2}2$








(MA) degenerate $\mathrm{h}\mathrm{y}\mathrm{P}^{\mathrm{e}\mathrm{r}\mathrm{b}}\mathrm{o}\mathrm{l}\mathrm{i}_{\mathrm{C}}\Leftrightarrow k<4$or $k>12$ , degen-
erate $\mathrm{e}\mathrm{l}\mathrm{l}\mathrm{i}\mathrm{p}\mathrm{t}\mathrm{i}\mathrm{c}\Leftrightarrow 4<k<12$ .
” $k>4$ (MA) ”
Example 2.
$u^{\mathit{0}}=x^{4}+kx^{2}y^{2}+y^{4}$ , $k\in R,$ $c\equiv 0$ .
$f_{0}=M(u^{\mathit{0}})=12(2kx^{4}+2ky^{4}+(12-k^{2})Xy^{2})2$ .
$k<-6$ $f_{\mathit{0}}\leq 0$ degenerate hyperbolic.













$L^{2}(\mathrm{T})$ 2 Hardy $H^{2}(\mathrm{T})$







$t \partial=\frac{1}{2}(r\frac{\partial}{\partial r}-i\frac{\partial}{\partial\theta})$ , $\overline{t}\overline{\partial}=\frac{1}{2}(r\frac{\partial}{\partial r}+i\frac{\partial}{\partial\theta})$ ,
$\overline{\partial}$ Cauchy-Riemann $\overline{\partial}u=0$ $P(t$ , \partial $)$
r\partial /\partial I
$r \frac{\partial}{\partial r}=-i\frac{\partial}{\partial\theta}$ , $t \partial=-i\frac{\partial}{\partial\theta}=D_{\theta}$ .
$t \frac{\partial}{\partial t}\mapsto D_{\theta}$ , $t-,$ $e^{i\theta}$ .








$\langle D\theta\rangle u:=\sum_{n}un\langle n\rangle ein\theta,$
$\langle n\rangle=(1+n)^{1/2}2$ .
$\langle t\partial_{t}\rangle u:=$ $(1+(t \partial/\partial b)2)^{1/2}=\sum u_{n}\langle n\rangle z^{n}$ .
$D_{\theta}(D_{\theta}-1)\cdots(D\theta-k+1)\langle D\theta\rangle-k=Id+K$ ,
$K$ H2 $\langle D_{\theta}\rangle^{-m}$
p^ p^ $\langle$ D\theta $\rangle$ -m $\hat{p}\langle D_{\theta}\rangle^{-}m\pi=\hat{P}\langle D_{\theta}\rangle^{-m}$
p^ $\langle$ D\theta $\rangle$ -m $a_{m}(e)i\theta e-im\theta_{\text{ } ^{ }\circ}\nearrow\backslash$
$(*)$ $\pi a_{m}(e^{i\theta})e^{-im}$ :$\theta$ $H^{2}$ }$arrow H^{2}$ .
$m$ $\langle D_{\theta}\rangle^{-m}$

















$(1- \frac{\lambda_{j}}{e^{i\theta}})U(e)i\theta=\mathrm{n}\mathrm{e}\mathrm{g}\mathrm{a}\mathrm{t}\mathrm{i}_{\mathrm{V}\mathrm{e}}$ power $\Rightarrow$
$U(e^{i\theta})=(1- \frac{\lambda_{j}}{e^{i\theta}})^{-1}\cross$ ( $\mathrm{n}\mathrm{e}\mathrm{g}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{v}\mathrm{e}$ power) $=$ ( $\mathrm{n}\mathrm{e}\mathrm{g}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{V}\mathrm{e}$ power).
$(z-\lambda_{m+1})\cdots(_{Z}-\lambda)m+nu(z)$ , $z=e^{i\theta}$
z $u=0$
$(1- \frac{\lambda_{1}}{e^{i\theta}})$ ($e^{i\theta}-\lambda_{2})u(e^{i})\theta\equiv f(e^{i\theta})$ mod negative power.








(A.1) \psi : $D_{w}=$ { $|z|$ <w}\mapsto \Omega \psi $\text{ }\overline{DD_{w}}=\{|z|\leq w\}$
$w>0,$ $\mu\geq 0$
$-$ – .. $..\cap$ –.. . $w^{n}n!$ $\backslash 0$ $\mathrm{Y}$
$G_{w}( \mu)=\{u=\sum_{n}unX^{n};||u||^{2}:=\sum_{n}(|u_{n}|\frac{\mathrm{w}\cdot v}{(n-\mu)!}.)^{2}<\infty\}$ ,
$(n-\mu)!=1$ if $n-\mu\leq 0$ . $G_{w}(\mu)$ { Hilbert $A_{w}(\mu)$
\Omega $u(x)$ $u(\psi(z))\in G_{w}(\mu)$
$N\cross N(N\geq 1)$
$P(_{X,\partial_{x}}.)=(pij(X, \partial_{x}))$




$ordp_{ij}\leq\mu j-\iota \text{ _{}i}$ , $ordp_{ii}=\mu i^{-}$ ,
$P(_{X,\partial_{x}})$ : $\prod$$j=N1A_{w}(- \mu_{j})arrow\prod_{j=1}^{N}A_{w}(-\nu_{j})$ . (1)
$pij(X, \partial x)=\sum_{k=0}^{\mu i}j-\nu ak(_{X)\partial}xk,$ $(2)$
$a_{k}(x)\in \mathcal{O}(\overline{\Omega})$ x $=\psi(z)$ $p_{ij}$
$\tilde{p}_{ij(_{Z,\partial_{z})}}=\sum ak(k=\mu j^{-}\nu_{i}\psi(_{Z}))\psi’(Z)^{-}k\partial^{k}+z\ldots$
, (3)




(A 1) (1) Fredholm
$\det Q^{\Omega}(Z)\neq 0$ for $\forall z\in \mathrm{C},$ $|z|=w$ . (5)
(5) , (1) Fredholm index $\chi(:=$ $dim_{\mathrm{C}}KerP-$
$codim_{\mathrm{C}}ImP)$
$- \chi=\frac{1}{2\pi}\oint_{|z|=w}d(\log\det Q^{\Omega}(Z))$ , (6)
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$\mu_{j}-\nu_{i}=m$ $ordp_{ij}=m$
$\langle D_{\theta}\rangle^{-}\mathbb{N}\text{ }$ $Q^{\Omega}$ order
(5) Fredholm
\mbox{\boldmath $\pi$}Q\Omega : $H^{2}arrow H^{2}$ Fredholm
(1) Fredholm
1 1
(1) Fredholm (5) blow uP
Fredholm (5)
\mbox{\boldmath $\pi$}Q\Omega $T$ $Ker$ T K
$c>$
$||Tf||+||Kf||\geq c||f||$ , $\forall f\in H^{2}$ .
$||\pi Q^{\Omega}\pi g||+||\pi K\pi g||+C||(1-\pi)g||\geq c||g||$ , $\forall g\in L^{2}$ .
$U$ $e^{i\theta}$
$||\pi Q^{\Omega}\pi U^{n}g||+||\pi K\pi U^{n}g||+c||(1-\pi)U^{n}g||\geq c||U^{n}g||$ , $\forall g\in L^{2}$ .
$U$
$||U^{-n}\pi Q\Omega\pi Ung||+||\pi K\pi U^{n}g||+c||U^{-n}(1-\pi)Ung||\geq c||g||$ , $\forall g\in L^{2}$ .
$U^{-n}\pi U^{n}$ $L^{2}$ $n$ – $U^{-n}\pi U^{n}$ $garrow g$ $L^{2}$
$g$
$U^{-n}\pi U^{n}$ $garrow g$
$L^{2}$ $U^{-n}(1-\pi)U^{n}g$ $0$
$U^{-n}\pi Q^{\Omega n}\pi Ug=U^{-n}\pi U^{n}Q^{\Omega n}U^{-n}\pi Ugarrow Q^{\Omega}$
$U^{n}$ $0$ \mbox{\boldmath $\pi$}K\mbox{\boldmath $\pi$}Ung $0$












$Q^{\Omega}(z)=(z-\lambda)Z^{-}k$ ( $<1$ )
$u=\Sigma_{n0}^{\infty}=u_{n}z^{n}$
$\pi(z-\lambda)_{Z^{-k}}u=0$
$(z- \lambda)_{Z^{-k}}\sum_{n=0}$ $unZ^{n}= \sum_{=n0}(u-1^{-\lambda}un)nzn-k$
$n=k-1,$ $\ldots$
$u_{k-1}-uk\lambda=0$ , $u_{k}-\lambda u_{k+1}=0,$ $\ldots$






$u_{k-1}-u_{k}\lambda=f\mathrm{o}$ , $u_{k}-\lambda u_{k}+1=f_{1}$ , $u_{k+1}-\lambda uk+2=f_{2},$ $\ldots$
$u_{0}=u_{1}=\cdots=u_{k-2}=0$ ,
$u_{k-1}=\lambda u_{k}+f\mathrm{o}=fo+\lambda fi+\lambda^{2}u_{k}+1=f\mathrm{o}+\lambda f_{1}+\lambda 2f_{2}+\lambda 3uk+2+\cdots$
$=f\mathrm{o}+\lambda f_{1}+\lambda^{2}f2+\lambda^{3}f_{3}+\cdots$




$\pi z^{-k}$ k 1, $z,$ $\ldots,$ $z^{k-1}$ \mbox{\boldmath $\pi$}(z-\mbox{\boldmath $\lambda$}) $(|\lambda|<$




(Atkinson) $A:H^{2}arrow H^{2},$ $B:H^{2}arrow H^{2}$ Fredholm $BA$
Fredholm
Ind $BA=\mathrm{I}\mathrm{n}\mathrm{d}B+\mathrm{I}\mathrm{n}\mathrm{d}A$






$g\in W_{R}(D_{R})$ (MA) (MA)
Tn Cauchy-Riemann






$(*)$ $\pi Pv+R(v)=g$ on $W_{R}(\mathrm{T}^{n})$ .
$(\pi P)-1$ iteration $(^{*})$
$||g||_{W_{R}}$ $(^{*})$ – v
$\hat{v}$




$M(u^{0}+\hat{v})=f_{0}+g$ in $D_{R}$ .







$\partial_{x_{j}}\mapsto z_{j}^{-1}\xi_{j,j}x\mapsto z_{j}$ , $z_{j}=ei\theta_{j}$ ,
$\xi_{j}$ \theta ,
Toeplitz symbol
Toeplitz symbol $\sigma(z, \xi)$
$\sigma(z, \xi)$
$=(z_{1}\cdots Z_{n})-2\det(\xi_{j}\xi_{k}+z_{j}z_{k}u^{0}(xjx_{k}z))$ $-f_{0}(z)$ .
$n=2$
Riemann- Hilbert
$(A.1)$ $\sigma(z, \xi)\neq 0$ $\forall z\in \mathrm{T}^{2},$ $\forall\xi\in \mathrm{R}_{+}^{2},$ $|\xi|=1$ .
$(A.2)$ $ind_{1}\sigma=ind_{2}\sigma=0$ ,
$ind_{1} \sigma=\frac{1}{2\pi i}\oint_{|\zeta|=1}dz_{1}\log\sigma(\zeta, Z_{2}, \xi)$ .
$z_{2}$ $\xi$ $\mathrm{T}^{2}\cross\{|\xi|=1\}$
$f$ $f$ order $\mathrm{o}\mathrm{r}\mathrm{d}f$
fo(0)\neq Ofor some $|\alpha|=k$ $\partial_{x}^{\beta}f\mathrm{o}(\mathrm{o})=0$ for all $|\beta|\leq k-1$
$k$
1. $n=2$ (A.1) (A 2) $r>0$
$N\geq 2$ $u^{0}$ $g\in W_{R}$ $||g||_{R}<r$ $ordg\geq N$
(MA) $ordg\geq N$ – $w$
–
-A theorem of $\mathrm{K}\mathrm{a}\mathrm{s}\mathrm{h}\mathrm{i}\mathrm{w}\mathrm{a}\mathrm{r}\mathrm{a}-\mathrm{K}\mathrm{a}\mathrm{W}\mathrm{a}\mathrm{i}-\mathrm{S}\mathrm{j}_{\ddot{\mathrm{O}}}\mathrm{S}\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{d}$
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2. (A.1) (A 2) $g$
$\mathrm{o}\mathrm{r}\mathrm{d}g\geq 2$ (MA)
blowing up
$p:\mathrm{C}^{2}\backslash Oarrow \mathrm{C}\mathrm{P}^{1}$ fibration $\Gamma$ $P$ $\Gamma\subset$
$(\mathrm{C}^{2}\backslash O)\cross \mathrm{C}\mathrm{P}^{1}$ $\Gamma$ $\mathrm{C}^{2}\cross \mathrm{C}\mathrm{P}^{1}$
$\pi_{1}$ : $\mathrm{C}^{2}\cross \mathrm{C}\mathrm{P}^{1}arrow \mathrm{C}^{2}$ \Gamma $\mathrm{C}^{2}\backslash O$
p \Gamma $\mathrm{C}^{2}\cross \mathrm{c}\mathrm{P}^{1}$ \Gamma 1 $=\Gamma \mathrm{U}(o\cross \mathrm{c}\mathrm{P}^{1})$
$(x, y)$ $\mathrm{C}^{2}$ $u=y/x$ $\mathrm{C}\mathrm{P}^{1}$ $(x, y, u)$
( $\mathrm{C}^{2}\cross \mathrm{C}\mathrm{P}^{1}$ $\Gamma$ $y=ux,$ $x\neq 0$ \Gamma 1? $y=ux$
\Gamma $O\cross \mathrm{c}\mathrm{P}^{1}$
$\Gamma_{1}$ 2 $(x, y, v),$ $X=vy$ \mbox{\boldmath $\pi$}2: $\mathrm{C}^{2}\cross \mathrm{c}\mathrm{P}^{1}arrow$
$\mathrm{C}\mathrm{P}^{1}$ Fl foliate
$\mathrm{C}^{2}$ \Gamma 1 $O\cross \mathrm{C}\mathrm{p}1\text{ }$ blowing up
$\mathrm{O}$ 3 \Gamma 1 $\mathrm{C}\mathrm{P}^{1}$
$y=x^{2},$ $y=0$ ( blowing up \Gamma 1 $u=x,$ $u=0,$ $x=0$ $y=0$
$0=ux$ $x=0,$ $u=0$
$x^{2}=y^{3}$ $x=vy$ $v^{2}=y$ . $y=0$ . – blowing uP
Grushin
$P= \sum_{|\alpha|=|\beta|}a_{\alpha\beta y^{\alpha}}(\frac{\partial}{\partial y})^{\beta}$ .
$a_{\alpha\beta}$ blowing uP
$y_{j}=z_{j}t$ , $j=1,$ $\ldots,$ $n$ .
$\mathrm{T}^{n}$
$t$




P$\hat{P}=\sum_{|\alpha|=|\beta|}a_{\alpha}\beta Z^{\alpha}(\frac{\partial}{\partial z})^{\beta}$ .
–
Langer blowing up $x_{j}=e^{i\theta_{j}}$
Langer $x=0$ 2











(A1), (A 2) Hardy $H^{2}(\tau^{2})$
( (A1), (A2)
Giding Hardy ) blow uP
$T^{2}:=S\cross S,$ $S=\{|z|=1\}$ $a( \theta_{1}, \theta_{2})=\sum_{\eta}a_{\eta}e^{-\eta\theta}$
Riemann-
Hilbert ( ) $I:=\{\eta_{1}\geq 0, \eta_{2}\geq 0\}$ ,




\xi $a=a(\theta_{1}, \theta_{2}, \xi_{1}, \xi_{2})$ .
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(A1), (A 2) $a(\theta_{1}, \theta_{2})$ $T^{2}$ Riemann- Hilbert
$\log a(\theta)$ (A2)
$\log a(\theta)=b_{+}++b-++b--+b+-$






\mbox{\boldmath $\pi$}a $($ \theta , $D)$ \mbox{\boldmath $\pi$} Hardy
$L^{2}(\tau^{2})$ 2 $L^{2}(\tau^{2})$ $H_{1},$ $H_{2}$
$H_{1}:= \{u\in L^{2};u=\sum_{\zeta_{1}\geq 0}u_{\zeta}e\}i\zeta\theta$ ,
$H_{2}:= \{u\in L^{2};u=\sum_{\zeta_{2}\geq 0}u\zeta e\mathrm{I}i\zeta\theta$ .
$H^{2}(T^{2})=H_{1^{\cap H_{2}}}$ \mbox{\boldmath $\pi$}1, $\pi_{2}$
$\pi_{1}:L^{2}(\tau^{2})arrow H_{1}$ , $\pi_{2}:L^{2}(\tau^{2})arrow H_{2}$ .
\mbox{\boldmath $\pi$} : $L^{2}(\tau^{2})arrow H^{2}(\tau^{2})$ $\pi_{1}\pi_{2}$ Toeplitz
$T_{+}$ . $T.+$
$\tau_{+}$ . $:=\pi_{1}a(\theta, D):H_{1}arrow H_{1}$
$T_{+}.:=\pi_{2}a(\theta, D):H_{2}arrow H_{2}$ .
Riemann-Hilbert T. $T.+$
( )
$T_{+}^{-1}$. $=$ $\pi_{1}a_{++,-1}^{-1}a_{+-1}-1\pi a^{-}-+a--\pi-111$ , (7)
$T_{+}^{-1}$. $=$ $\pi_{2}a_{++}a-\perp\pi 2a_{+}-a--\pi|2$ , (8)
$\pi a(\theta, D)$ regularizer R
$R=\pi(T_{+}-.1\oplus \text{ ^{}-}.1-+a(\theta, D)^{-1})$ , (9)
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$a(\theta, D)^{-1}$ $a(\theta, \xi)^{-1}$




$\equiv\pi_{1+++^{a_{--}a\pi a_{+}}}aa-+-1+-a_{+}\pi 1-1-1a_{-+^{a_{1}}}-1---\pi 1$
$\equiv\pi_{1}a-+a--a++a+-a_{+}++-\pi 1a_{-}+-aa-^{\pi_{1}}$





$\equiv\pi_{1}$ \mbox{\boldmath $\pi$}1 $a_{-+^{a_{-}(-\pi_{1}}}-I$ ) $=0$
$\pi_{1}a_{++}^{-}a^{-1}-\pi 1+1a_{-}-1+-^{\pi}a_{-}-11T+\cdot\pi_{1}\equiv$
R regularizer $\pi=\pi_{1}\pi_{2}$
$\pi T_{+}^{-1}.\pi a\pi=\pi\tau+-.1\pi 1\pi_{2}a\pi$
$=\pi T^{-1}\pi 1a\pi-+\cdot+\pi\tau^{-}.1(\pi_{1}I-\pi 2)a\pi$
$\equiv\pi-\pi a_{++}^{-}a1-+1-^{\pi a_{-}^{-1-1}}1+a_{-}-\pi 1(I-\pi 2)a\pi$
$=\pi-\pi a_{++}^{-1}a^{-}+-1(\pi 1\pi_{2}+\pi_{1}(I-\pi_{2}))$
$\cross a_{-+^{a_{-}}}^{-1-}1-\pi 1(I-\pi 2)a\pi$ .




$\cross a_{+---}^{-1-1}a\pi 2(I-\pi 1)a\pi$.
a-la\equiv I
$-1$ $-1$
$-\pi a$ $\pi a\pi=-\pi a$ $\pi_{1}\pi_{2}a\pi$
$\equiv-\pi-\pi a-1(\pi_{1}\pi_{2}-I)a\pi$ .
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$\pi_{1}\pi_{2}-I=\pi 1(\pi_{2}-I)+(\pi 1^{-}I)\pi 2-(\pi_{1}-I)(\pi_{2}-I)$













$+\pi a_{+++}^{-1}a_{-}-1((\pi_{1}-I)(\pi 2-I)+\pi 1(I-\pi_{2}))$
$\cross a_{+-}^{-1}a_{--2}^{-1}\pi(I-\pi 1)a\pi$ .
$\pi\varphi(\pi_{1^{-I}})(\pi_{2^{-}}I),$ $\pi 2(I-\pi_{1})\varphi\pi_{1}(I-\pi_{2})$ ,
$\pi_{1}(I-\pi_{2})\varphi\pi_{2}(I-\pi_{1})$
\mbox{\boldmath $\varphi$}
$u= \sum_{\alpha}u_{\alpha}ei\alpha\theta\in L^{2}$ $\varphi(\xi)=\sum\beta\varphi\beta(\xi)e^{i\beta\theta}$ $u\in L^{2}$ $\varphi\in C^{\infty}$
$\varphi(\theta, D)$ order zero \mbox{\boldmath $\varphi$}\beta (\xi )
$|\beta|arrow\infty$ $\xi$ –
$\pi\varphi(\pi_{1}-I)(\pi 2^{-}I)u$
$= \sum_{\mu^{=\alpha+}\beta\in I}(_{\alpha+\beta\alpha\in}=\mu,\alpha\sum_{III}\varphi_{\beta}(\mu)u)ei\mu\theta$ .
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|\mbox{\boldmath $\varphi$}\beta (\mu )||\beta \mu \beta




large parameter $x=(x_{1}, \ldots, x_{n})$ $m$
$p(x, \partial_{x})$ $q(x)$ $x=0$
\mbox{\boldmath $\lambda$}\rightarrow \infty
(1) $(p(_{X,\partial_{x}})+\lambda 2q(x))u=f(X)$ .
$x\mapsto e^{i\theta}=(e^{i\theta_{1},\ldots i\theta_{n}}, e)$ blow up $T^{n}$
$(p(e, e-i\theta D_{\theta}i\theta)+\lambda^{2}q(e^{i\theta}))u=f(e^{i\theta})$ .
$n=1$
$z=e^{i\theta}$
$\sigma(z, \xi, \lambda):=p(z, z^{-1}\xi)+\lambda^{2}q(Z)$
– R-H
$(URH)$ $\sigma(z, \xi, \lambda)\neq 0$ for $0\leq\forall z\in \mathrm{T},\forall(\xi, \lambda)\in \mathrm{R}_{+}^{2},\xi^{2}+\lambda^{2}=1$ ,
$\frac{1}{2\pi i}\int_{|z|=1}dz\log\sigma(\mathcal{Z}, \xi, \lambda)=0$ .
$(\xi, \lambda)$ $(\xi, \lambda)$
Hardy $||\cdot||_{S}$
$s>0$ (URH) N $\geq 1$
$deg$ f\geq N (1) – $u$ $C>0$
$||u||_{S+}m\leq\lambda^{-}2(c||u||_{S}+c^{-1}||u||_{0})$
$\pi\sigma(_{Zz^{-1}D\lambda},\theta,)=(D\theta m+\lambda^{2})\pi(D_{\theta}^{m}+\lambda^{2})^{-}1\sigma(_{\mathcal{Z}}, z^{-}D_{\theta}1, \lambda)$.
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$\pi(D_{\theta}^{m}+\lambda^{2})^{-1}\sigma(z, Z^{-1}D_{\theta}, \lambda)$ (URH) \mbox{\boldmath $\lambda$} $>0$ –
$D_{\theta}^{m}+\lambda^{2}$
$n=2$
$\sigma(z, \xi, \lambda)(z\in \mathrm{T}^{2})$
$(URH)$ $\sigma(z,\xi, \lambda)\neq 0$ for $0\leq\forall z\in \mathrm{T},\forall(\xi, \lambda)\in \mathrm{R}_{+}^{3},$ $|\xi|^{2}+\lambda^{\mathit{2}}=1$ ,
$\frac{1}{2\pi i}\int_{|z|=1}d_{z}\mathrm{l}j\mathrm{o}\mathrm{g}\sigma(z, \xi, \lambda)=0$ , for $j=1,2$ , and some $(\xi, \lambda)\in \mathrm{R}_{+}^{3},$ $|\xi|^{2}+\lambda^{2}=1$ .
\mbox{\boldmath $\pi$}(|\xi |m+\mbox{\boldmath $\lambda$}2)-l $\sigma(z, D_{\theta}, \lambda)$ regularizer
\mbox{\boldmath $\pi$}\mbox{\boldmath $\sigma$}(z, $D_{\theta},$ $\lambda$ ) $\nabla_{\theta}^{m/2}+\lambda^{2}$
$n=1$









(2) $\frac{d^{\mathit{2}}}{dx^{2}}$ $+\lambda^{\mathit{2}}a(_{X)}$ .
$a(x)=0$ (2) (turning point) $z$
turning point
$\Re S(X, Z)=0$ , $S(X, Z)= \int_{z}^{x}\sqrt{a(t)}dt$ ,
Stokes
1 $a(x)=x$ (Airy )
$e^{2i\theta}$ blow up
$D_{\theta}^{2}-D\theta+\lambda 2e^{\mathrm{s}i\theta}$ .
\xi 2+\mbox{\boldmath $\lambda$}2$e^{3i\theta}$ . $\xi/\lambda=1$
\theta =\mbox{\boldmath $\pi$}/3, $\pi,$ $5\pi/3$ . Stokes ( )
$S(x)= \int_{\mathit{0}}x\sqrt{t}dt=2X3/2/3.3\theta/2=\pm\pi/2$ mod $2\pi$ $\theta=\pi/3,$ $\pi,$ $5\pi/3$ .
turning points \xi \mbox{\boldmath $\lambda$}




a(x)=x2 $e^{2i\theta}$ blow up
$D_{\theta}^{2}-D\theta+\lambda^{2}e^{4i}\theta$ .
\xi 2+\mbox{\boldmath $\lambda$}2$e^{4i\theta}$ . $\xi/\lambda=1$
\theta =\mbox{\boldmath $\pi$}/4, $3\pi/4,5\pi/4,7\pi/4$ . Stokes (
) 2 turning point 4 Stokes















Stokes line double turning points
potential order l 4 Stokes line
$x=0$ blow up
$D_{\theta}^{\mathit{2}}-D_{\theta}+4\lambda^{2}\cos^{\mathit{2}}\theta$ , $D_{\theta}=i^{-1}(d/d\theta)$ .
Stokes curve 2 double turning points
(Toeplitz symbol)
$\xi^{2}-\xi+4\lambda^{\mathit{2}}\cos^{\mathit{2}}\theta$.
turning points elliptic $\xi$ elliptic symbol
Stokes
5
$a(x)= \frac{1}{x^{2}}(X^{k}+\frac{1}{x^{k}})^{2}$ , $k=1,2,3,$ $\ldots$
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5 4 – turning points I $z^{2k}=-1$ double
2k Stokes line
Stokes curve $k=2$ Stokes geometry
$x=0$ blow up
$D_{\theta}^{\mathit{2}}-D_{\theta}+4\lambda^{2}\cos^{\mathit{2}}k\theta$ , $D_{\theta}=i^{-1}(d/d\theta)$ .
turning points double turning points –
(Toeplitz symbol)
$\xi^{2}-\xi+4\lambda^{2}\cos^{2}k\theta$.












2 $\cos^{2}\theta+\cos\theta-1=0$ , i.e., (2 $\cos\theta$ –l)(cos $\theta+1$ ) $=0$ .




$\lambda$ – $\mathrm{T}\text{ }\pi(D_{\theta}^{m}+\lambda^{2})^{-1}\sigma(z, z^{-1}D_{\theta}, \lambda)$
\xi
turning points turning points blow up
\xi parameter $\lambda$
(1) $(p(_{X,\partial_{x}})+\lambda 2q(x))u=f(X)$ .
$x\mapsto e^{i\theta}=(e^{i\theta_{1},\ldots i\theta_{n}}, e)$ blow up $\mathrm{T}^{n}$
$(p(e, e-i\theta D_{\theta}i\theta)+\lambda^{2}q(e^{i\theta}))u=f(e^{i\theta})$ .
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$q(e^{i\theta})\geq 0$ Tn
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